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I. Introduct ion 
This research proJect  is concerned w i t h  an inves t iga t ion  of 
t h e  w a y s  t ha t  a modern d i g i t a l  computing f a c i l i t y  may be applied 
t o  the  genera l  problem of the  analysis  and synthes is  of DLA networks, 
i.e., networks containing lumped, d i s t r ibu ted ,  and ac t ive  elements, 
with spec ia l  emphasis on t h e  advantages of these r e a l i z a t i o n s  over 
purely lumped r e a l i z a t i o n s ,  and t h e  appl ica t ion  of these r ea l i za t ions  
t o  in tegra ted  c i r c u i t s .  Invest igat ions of t h r e e  main top ic s  are 
being pursued: (1) the  synthesis of DLA networks using various 
optimization techniques; (2 )  t h e  proper t ies  of general ized multi- 
terminal  d i s t r i b u t e d  elements; and, ( 3 )  t h e  use of s ta te -var iab le  
techniques t o  provide a representat ion for  DLA networks. 
discussion of t h e  research underway for each of these t o p i c s  is  
given i n  t h e  following sect ions of t h i s  report. 
A de ta i l ed  
11. Synthesis of DLA Networks 
The increased use of in tegra ted  c i r c u i t s  i n  many e lec t ronics  
appl ica t ions  has brought addi t iona l  emphasis upon research i n t o  
d i s t r i b u t e d  RC network synthesis.  If d i s t r i b u t e d  RC networks can be 
combined with lumped elements and a c t i v e  devices t o  perform the same 
funct ions as c i r c u i t s  using only passive lumped elements and ac t ive  
devices,  but  with a savings i n  t h e  number of elements required,  t h e r e  
are a number of r e su l t i ng  advantages. 
advantage of simplifying mask construct ion,  a reduction i n  t h e  number 
of elements w i l l  reduce the number of wiring interconnections required.  
T h i s  reduction i n  t h e  number of interconnections w i l l  increase t h e  
r e l i a b i l i t y  and y i e l d  of in tegra ted  c i r c u i t s ,  and w i l l  r e s u l t  i n  more 
I n  addi t ion  t o  t h e  obvious 
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e f f i c i e n t  use of chip area. 
The objec t ive  of t h i s  a r e a  of t h e  research being conducted under 
t h i s  g ran t  i s  t o  develop the  basis f o r  a generalized optimization 
procedure t o  be used i n  t h e  design of DLA networks on t h e  basia of 
frequency domain spec i f i ca t ions .  I n  t h i s  preliminary s tage  of t h e  work, 
a t t e n t i o n  i s  being r e s t r i c t e d  t o  two-port networks employing a s i n g l e  
voltage-controlled voltage source as t h e  a c t i v e  element. 
three-terminal d i s t r i b u t e d  RC elements m a y  be included i n  t h e  network, 
and t h e  t a p e r  c h a r a c t e r i s t i c s  of these l i n e s  are unres t r i c t ed .  
Any number of 
A generalized two-port network ana lys i s  program which provides 
s inuso ida l  steady-state vo l tage  transfer function magnitude and phase has 
been developed. T h i s  program has been s p e c i f i c a l l y  designed t o  make it 
amenable t o  inc lus ion  i n  an i t e r a t i v e  optimization program with various 
modes, e.g. , s t eepes t  descent, pa t t e rn  search, Newton-Raphson method, e t c .  
The optimization program w i l l  be used t o  design a network t o  meet spec i f ica-  
t i o n s  on t h e  vol tage  transfer c h a r a c t e r i s t i c s .  
The Analysis Program 
The f i rs t  phase of t h i s  por t ion  of t h e  research has been t o  develop 
an ana lys i s  program with t h e  c a p a b i l i t i e s  of including a broad c l a s s  of 
DLA networks. 
s epa ra t e  subprograms, so tha t  the  computational po r t ion  of the  program may 
be repeatedly used i n  an i t e r a t i v e  optimization technique. 
assumes t h a t  t h e  two-port DLA network may be represented i n  t h e  form shown 
i n  Fig. 1. The d i s t r i b u t e d  RC l i n e s  and t h e  lumped passive elements are 
connected i n  any manner t o  t h e  s e t  o f  N+1 nodes. 
t he  operation of t he  ana lys i s  program, t h e  method of determining the  
The input-output portions of t h i s  program have been w r i t t e n  as 
The program 
Before going fur ther  i n t o  
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admittance parameters of t he  d i e t r ibu ted  RC l i n e s  w i l l  be discussed. 
Each d i s t r i b u t e d  l i n e  i s  divided i n t o  a number of sec t ions  of 
equal length.  The r e s i s t ance  and capacitance assoc ia ted  w i t h  each sec t ion  
i s  determine3, and t h e  l i n e  is approximated by t h e  ladder  network shown 
i n  Fig.  2, where the  \ and C are  lumped r e s i s t o r s  and capac i tors  whose 
sum is  equal i n  value t o  the t o t a l  r e s i s t ance  and capacitance assoc ia ted  
with t h e  l i n e .  If the  transmission matrix f o r  each sec t ion  i s  obtained, 
t h e  transmission matrix f o r  t he  e n t i r e  network may be found by mult iplying 
t h e  transmission matr ices  of t he  ind iv idua l  sect ions.’  The admittance parameters 
of t h e  network a r e  then obtained from the  transmission parameters. 
p r a c t i c e ,  20-50 sec t ions  may be required,  depending on t h e  frequency range 
and the  degree of t ape r .  
k 
I n  
Actually,  t h e  model f o r  an incremental s ec t ion  of a d i s t r i b u t e d  l i n e  
shown i n  Fig. 2 is  not t h e  only model t h a t  can be used. For example, 
s eve ra l  authors have considered a model based on the  use of a T sec t ion  
as shown i n  Fig. 3 . l S 2  A r epor t  is  cur ren t ly  under preparat ion t abu la t ing  
t h e  results of a d i g i t a l  computer comparison of the  L s ec t ion  and the T 
sec t ion  l i n e  f o r  various ranges of frequencies and f o r  var ious degrees of 
t ape r .  3 
Once the  admittance parameters of t h e  d i s t r i b u t e d  elements are 
obtained,  t hese  are used along w i t h  t he  values of t h e  lumped elements t o  
cons t ruc t  the i n d e f i n i t e  admittance matrix of t h e  pass ive  por t ion  of t h e  
N+1 node network. The cons t ra in t  imposed by t h e  vol tage  cont ro l led  
vol tage source i s  added 
matr ix  f o r  t h e  two-port ac t ive  network i s  computed. 
4 and, using standard techniques5, t h e  admittance 
The magnitude and 
phase of t he  t r a n s f e r  vol tage r a t i o  i s  then e a s i l y  obtained. 
The computational process described above must be completed f o r  each 
frequency a t  which t h e  t r a n s f e r  voltage c h a r a c t e r i s t i c s  a r e  required.  Note 
4 
t h a t  there a r e  no r e s t r i c t i o n s  on the t a p e r  of t h e  three-terminal RC 
l i n e s ,  although t h e  ladder network model f o r  t h e  l i n e  as shown i n  Fig. 2 
assumes o n d i m e n s i o n a l  current  f low.  
One of t h e  fea tures  of t h e  program i s  an option which may be used t o  
represent  t h e  t ape r  of t h e  l i n e  by an expression of t h e  form 
y = c  + c x + c x  2 + c x 3 + c 4 x  4 + c x  5
0 1  2 3 5 
where x = dis tance  along t h e  l i n e  
y = width of t h e  l i n e  
For t h i s  opt ion,  t h e  program automatically ca l cu la t e s  t h e  r e s i s t ance  and 
capacitance associated with each incremental sec t ion  of t h e  l i n e  when 
suppl ied with t h e  coe f f i c i en t s  co through c t h e  t o t a l  length of t h e  l i n e ,  
t h e  number of sec t ions  desired,  and t h e  r e s i s t ance  and capacitance per  u n i t  
5’ 
l ength  at  x = 0. Thus, a set  of orthogonal polynomials may be used t o  
provide var ious degrees of accuracy i n  t h e  representa t ion  of a s p e c i f i c  t ape r .  
A paper describing t h e  bas ic  propert ies  of t he  ana lys i s  program has been 
accepted f o r  publ icat ion.  A report  describing t h e  program i s  cur ren t ly  
under preparat ion.  
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The O p t i m a l  Design Prwram 
The ana lys i s  program described i n  t h e  preceding sec t ion  i s  now 
opera t iona l  on t h e  CDC 6400 computer at t h e  University of Arizona. The next 
phase of t h e  research w i l l  be  t h e  use of t h e  ana lys i s  program i n  connection 
with o the r  programs employing i t e r a t i v e  optimization techniques t o  determine 
t h e  parameters of a DLA network, which approximates any spec i f i c  t r a n s f e r  
vo l tage  magnitude and phase requirements. 
w i l l  determine t h e  coef f ic ien ts  associated w i t h  t h e  t ape r  of d i s t r ibu ted  
Thus, t h e  optimal design program 
. .  
5 
l i n e s  i n  t h e  network as given by (11, t h e  values of t h e  lumped elements 
i n  t h e  network, and t h e  ga in  K of t h e  voltage-controlled vol tage source,  
t h a t  w i l l  minimize a given performance c r i t e r i o n .  
proper t ies  of optimization techniques a r e  c r i t i c a l l y  dependent upon 
t h e  form of t h e  performance c r i t e r i o n ,  considerable a t t e n t i o n  w i l l  be  
given t o  determining t h e  best performance c r i t e r i o n  t o  be used with t h e  
program. 
Since convergence 
The real value of t h e  optimization design procedure can be f u l l y  
assessedonly  when t h e  program i s  completed, but t h e  method opens up new 
p o s s i b i l i t i e s  f o r  t h e  use of d i s t r ibu ted  RC l i n e s  i n  c i r c u i t r y .  
poss ib le  t o  g r e a t l y  reduce the  number of c i r c u i t  elements required for a 
given magnitude or  phase cha rac t e r i s t i c  by u t i l i z i n g  d i s t r ibu ted  RC l i n e s  
w i t h  t h e  proper taper .  
It may be 
111. Analysis of Multi-Terminal Distr ibuted Networks 
The bas ic  concept of modeling a one-dimensional d i s t r i b u t e d  RC network 
by a f i n i t e  number of L o r  T sect ions as shown i n  Figs .  2 and 3 may be 
extended t o  t h e  two-dimensional case as shown i n  Fig.  4. 
i s  readily appl icable  t o  a determination of multi-terminal networks i n  
which t h e  terminal  configuration and geometry may be var ied  t o  produce a 
range of magnitude and phase cha rac t e r i s t i c s  f o r  both driving-point and 
t r a n s f e r  functions.  An extension of  t h e  one-dimensional r e s u l t s  t o  t h i s  
s i t u a t i o n  suggests t h a t  400-2500 nodes may be required f o r  a use fu l  two-  
dimensional model. 
s ince  t h e  order  of t h e  matrix representing t h e  network i s  equal t o  t h e  
number of nodes, very l a r g e  matrices w i l l  be required i n  such a representa t ion .  
The first phase of t h i s  research effort has been t o  generate  a set of 
Such a s t r u c t u r e  
Assuming an admittance formulation f o r  t h e  lumped model, 
6 
programs capable of manipulating the data assoc ia ted  with matrices of 
t h i s  s i z e .  These are described i n  t h e  following sec t ion .  
Matrix Operations f o r  t h e  Two-Dimensional Model 
The f i rs t  operation t h a t  is required i n  t h e  manipulation of matrices 
describing lumped RC networks of  the form shown i n  Fig. 4 i s  t h e  
generation of t h e  admittance m a t r i x .  
has been assumed. 
same value, as are a l l  t h e  capacitors.  The admittance matrix f o r  such a 
network i s  a symmetric mat r ix ,  w i t h  a l l  t h e  non-zero elements confined 
t o  f i v e  diagonal l i n e s  o r  "bands" as shown i n  Fig. 5.  
t h e  generation of t h e  elements of these  bands has been prepared. 
on t h e  s i z e  of t h e  o r i g i n a l  array des i red ,  t h e  values of t h e  matrix 
elements may be s to red  e i t h e r  i n  core o r  on tape .  
For s impl i c i ty ,  a uniform RC network 
Thus, a l l  t h e  r e s i s t o r s  shown i n  Fig. 4 are assumed t o  have t h e  
An algorithm f o r  
Depending 
The second operation t h a t  i s  required f o r  t h e  ana lys i s  of such a 
model f o r  a d i s t r i b u t e d  RC network is t h e  spec i f i ca t ion  of t h e  nodes t h a t  
are t o  be copnected t o  form t h e  desired ex te rna l  te rmina ls .  An algorithm 
has been prepared t o  accept input information on t h e  numbers of t h e  s p e c i f i c  
nodes involved and t h e  manner i n  which they are t o  be interconnected, and 
t o  perform t h e  matrix manipulations corresponding t o  such an interconnection. 
The algorithm m a y  be applied t o  matrices s to red  i n  e i t h e r  core o r  tape.  
The f i n a l  operation t h a t  i s  required i n  t h e  ana lys i s  of t h e  network 
shown i n  Fig. 4 i s  t h e  reduction of t h e  matrix t o  an order equal t o  t h e  
number of terminals required fo r  t h e  d i s t r i b u t e d  RC network. 
b a s i c a l l y  an operation involving t h e  inversion of a matrix of order n - t ,  where 
n i s  t h e  order of t h e  matrix ( a f t e r  constraining opera t ions)  and t i s  t h e  
This i s  
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des i red  number of terminals.  Algorithms f o r  such an operation have 
been programmed and may be applied t o  matr ices  s to red  i n  e i t h e r  core 
o r  tape.  
The r e s u l t  of t h e  above s e t  of operat ions is  t o  reduce t h e  
admittance matrix t o  a set of y parameters represent ipg t h e  terminal  
c h a r a c t e r i s t i c s  of t he  spec i f i ed  two-dimensional d i s t r ibu ted  RC networks. 
A set  of repor t s  i s  cur ren t ly  under preparat ion descr ibing t h e  various 
subprograms used t o  perform t h e  operations described above. 8 
Tabular Storage of Matrices 
Although t h e  admittance m a t r i x  generated f o r  t h e  model of t h e  two- 
dimensional d i s t r ibu ted  RC network has a high i n i t i a l  o rder ,  it i s  
extremely sparse.  
example, a l l  t h e  non-zero elements of t h e  matrix w i l l  occur i n  f i v e  
diagonal bands as shown i n  Fig. 5 .  Since the  matr ix  must be symmetric, 
two of these  bands are redundant. Thus w e  s ee  t h a t  l e s s  than 3n s torage 
loca t ions  are a l l  t h a t  i s  required for r e t a in ing  t h e  non-zero matrix elements. 
By comparison, n2 s torage  locat ions would be required f o r  a non-sparse 
matrix. Since t h e  quan t i t i e s  t o  be s to red  are complex, t h i s  represents  
a considerable p o t e n t i a l  saving i n  computer s torage requirements. 
advantage of t h i s  saving, some tabular  form of s torage  a l loca t ion  must 
be used. 
For t h e  terminal numbering ind ica ted  i n  Fig. 4, f o r  
To t a k e  
Such an approach involves the use  of a t a b l e  of matrix subscr ip ts  
of non-zero elements which a r e  i n  storage. 
matrix element i s  found by performing a search i n  t h e  subscr ipt  table  t o  
see i f  t h e r e  i s  a match with t h e  desired subscr ipt .  If a match i s  found, 
A reference t o  a p a r t i c u l a r  
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t h e  value of t h a t  element i s  s tored  i n  a corresponding loca t ion  i n  a one- 
dimensional a r ray  containing t h e  ac tua l  matrix elements. 
found, t h e  element has not been previously s tored ,  and i t s  present  value 
and subscr ip ts  are added t o  t h e  l i s ts .  
developed t o  perform t h i s  operat ion,  and t h e  f e a s i b i l i t y  of such tabular 
manipulation of data i s  being invest igated t o  determine t h e  f e a s i b i l i t y  of 
performing a l l  matrix storage operations i n  high-speed core f o r  r e l a t i v e l y  
l a r g e  sparse matrix arrays.  
If a match i s  not 
A s e t  of subprograms have been 
I V .  S t a t e  Variable Formulation of DLA Networks 
A c l a s s  of networks which has proven t o  be of g rea t  value i n  l i n e a r  f i l t e r i n g  
appl ica t ions  i s  t h e  DLA network. Such a c i r c u i t  t yp ica l ly  cons i s t s  of a 
d i s t r i b u t e d  RC element, a ga in  element, and one o r  more lumped elements. 
For example, when a lumped r e s i s t o r  i s  combined w i t h  a d i s t r i b u t e d  RC element, 
a sharply defined "notch" is  produced i n  t h e  t r a n s f e r  c h a r a c t e r i s t i c  of t h e  
o v e r a l l  network (under conditions of s inusoida l  s teady-state  exc i t a t ion )  . 9 
If such a notch-producing element i s  combined w i t h  a ga in  element i n  a feed- 
back configuration such as t h e  one shown i n  Fig. 6, where t h e  t r i a n g l e  
represents  an i d e a l  voltage-controlled vol tage source, t h i s  c i r c u i t  can be used 
t o  produce m a n y  useful  network functions.  
d i f f e r e n t i a l  equations describing t h e  d i s t r ibu ted  element, however, t h e  o v e r a l l  
distributed-lumped-active network i s  not amenable t o  conventional network 
ana lys i s .  For s inusoida l  s teady-state  exc i t a t ions ,  as has been shown i n  
preceding sec t ions ,  one usefu l  analysis  technique i s  t o  generate  an i t e r a t i v e  
lumped model f o r  t h e  d i s t r i b u t e d  element, and t o  use t h i s  model, i n  combination 
w i t h  t h e  lumped and ac t ive  elements of t h e  network, t o  f i n d  t h e  o v e r a l l  
response of t h e  network. I n  t h i s  phase of t h e  research an inves t iga t ion  i s  being 
made of t h e  use of such an i t e r a t i v e  lumped model f o r  t h e  case where a t r a n s i e n t  
Due t o  t h e  nature  of t h e  p a r t i a l  
9 
ana lys i s  i s  desired. To do t h i s ,  t h e  d i s t r i b u t e d  element i s  defined 
by a s t a t e -va r i ab le  formulation. Th i s  formulation has t h e  p rope r t i e s  
t h a t  it may be r ead i ly  generated for  a network of an a r b i t r a r y  number 
of sec t ions  using a simple algorithm read i ly  adapted t o  t h e  d i g i t a l  
computer. 
lumped components and/or ac t ive  elements. 
comprise a set of  f i r s t - o r d e r  matrix d i f f e r e n t i a l  equations which m a y  be 
r ead i ly  solved by any of t h e  usual d i f fe ren t ia l -equat ion  solving methods, 
such as t h e  Runga-Kutta method. 
of values giving t h e  time-domain response of t h e  DLA network f o r  an  
a r b i t r a r i l y  spec i f i ed  input function. A paper i s  being prepared out- 
l i n i n g  t h e  bas i c  method of approach f o r  t h i s  s t a t e -va r i ab le  formulation. 
Additional research is planned t o  extend t h e  scope of t h e  method, and t o  
compare t h e  r e s u l t s  obtained from t h e  s t a t e -va r i ab le  formulation with 
those  obtained by t h e  use of dominant po le  models f o r  t h e  DLA network as 
predicated by Kerwin. 
The formulation is eas i ly  extended t o  include t h e  e f f e c t s  of 
The equations t h a t  a r e  so formulated 
The r e s u l t  is t h e  production of a s e t  
10 
e .  
c 
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